We suggest the possibility to disentangle anisotropic flow, flow fluctuation, and nonflow using two-, four-, and six-particle azimuthal moments assuming Gaussian fluctuations. We show that such disentanglement is possible when the flow fluctuations are large, comparable to the average flow magnitude. When fluctuations are small, the disentanglement becomes difficult. We verify our results with a toy-model Monte Carlo simulation.
I. INTRODUCTION
Azimuthal distributions of hadrons produced in noncentral heavy-ion collisions are anisotropic [1] [2] [3] [4] . The distributions are often expressed by Fourier series,
where φ is particle azimuthal angle relative to the reaction plane. Coefficients v n quantify the azimuthal anisotropies of different harmonics. Since reaction plane is not experimentally accessible, experiments use particle azimuthal correlations to measure anisotropies [5, 6] . As a result, the measured anisotropies using two-particle correlation method, v{2}, contain not only flow but also flow fluctuations and nonflow [7] [8] [9] [10] [11] . Flow fluctuations are mainly due to initial geometry fluctuations [8] . Flow fluctuations could also result from fluctuating responses of the collision system to an identical initial condition. Flow fluctuations cause a variation of anisotropy from event to event in a sample of supposedly the same events. We note, however, experimentally one cannot ensure the selection of the same events a priori, so flow fluctuations come also partially from real differences in the collisions, e.g. of different impact parameters [8] .
Nonflow is caused by particle correlations that are not directly related to the reaction plane, such as jetcorrelations and resonance decays [7] . In general, nonflow is a few-body correlation while flow is a many-body correlation. It was suggested that nonflow is largely cancelled in a particular combination of two-and four-particle correlations [12, 13] . The resultant anisotropic flow from this four-particle method, v{4}, contains therefore significantly less nonflow than that from the two-particle method, v{2} [14, 15] .
Elliptic flow, v 2 , arising from the elliptical overlap region of the colliding nuclei, has been extensively studied [16] [17] [18] . Significant efforts have been invested to study v 2 fluctuations and nonflow [19] [20] [21] [22] [23] . Triangular flow, v 3 , can arise from the triangularity of the initial overlap geometry [24] [25] [26] [27] [28] [29] [30] , and may be dominated by fluctuations. So far flow fluctuations and nonflow have not been experimentally distinguished [22, 23] . It is well known that the two-and four-particle azimuthal moments are not enough to determine the average flow, flow fluctuation, and nonflow [10] . In this article we argue that it may be possible to determine the three quantities by the additional information of six-particle azimuthal moment. We support our argument by a toymodel Monte Carlo simulation.
II. AZIMUTHAL MOMENTS
The two-, four-, and six-particle n th azimuthal moments are [12] :
where the mean ... is taken within a single event, and the indices must be all different i = j = k = ℓ = µ = ν. The two-particle azimuthal moment is composed of flow and nonflow (δ) [12, 13] :
The event-average two-particle azimuthal moment is the two-particle flow anisotropy measurement:
To obtain the higher cumulants below, we assume flow and nonflow are uncorrelated and nonflow fluctuation is negligible. The four-particle azimuthal moment is [12] 
The four-particle cumulant flow is given by [12] 
The six-particle azimuthal moment is [12, 13, 31]
The six-particle cumulant flow is given by [12, 13, 31] :
We note that the left sides of Eqs. (8) and (10) are notations by definition because the right sides can be negative. When the right sides are positive, then v{4} and v{6} are the four-and six-particle flow.
III. GAUSSIAN FLUCTUATIONS ASSUMPTION
We now assume that the flow fluctuations are Gaussian,
Under the Gaussian fluctuation ansatz, we have
Substituting them into Eqs. (6), (8), and (10), we obtain
Eq. (16) is as same as the result in Ref. [10, 11] if the flow fluctuations are small so that σ 4 can be neglected. Under such circumstances, the flow fluctuation effect in v{2} 2 is +σ 2 (positive) and in v{4} 2 is −σ 2 (negative), as seen from Eqs. (15) and (16) (16) and (17) would give the same information:
Only up to the order of σ 6 / v 6 do v{6} and v{4} differ:
Indeed data indicate that the six-particle v 2 {6} approximately equals to the four-particle v 2 {4} [15, 32] .
On the other hand, if flow fluctuations are large, then Eq. (17) gives extra information than Eq. (16) . Figure 1 illustrates this point where the ratio of v{6}/v{4} is plotted against σ 2 / v 2 :
As seen, when σ 2 / v 2 > ∼ 0.2, a reasonable accuracy measurement of v{6}/v{4} would be able to determine the flow fluctuations. Note σ 2 / v 2 is roughly the relative difference between v{2} and v{4}. Odd harmonic anisotropies (v 1 and v 3 ) are dominated by fluctuations. The fluctuations and the averages are likely on the same order. In fact, the average v 1 and v 3 with respect to the reaction plane are zero, and this may imply that their fluctuations roughly equal to their averages with respect to their own harmonic axes. It is, therefore, hopeful that the triangular (and directed) flow, flow fluctuation, and nonflow can be uniquely determined by the three equations of Eqs. (15), (16), and (17). We note, however, that in the case of small flow magnitude our neglect of the high order nonflow contributions may not be justified.
For even harmonic anisotropies, such as the v 2 , the fluctuations are likely much smaller than the averages. In this case, the six-particle moment does not add much extra information beyond what is already in the fourparticle moment. Thus, one will not be able to solve for flow, flow fluctuation, and nonflow from only two equations given by the two-and four-particle moments. One can hope to overcome this by increasing the event statistics so that small deviation in v{6}/v{4} from unity may be measurable. However, it is possible that even with infinite statistics, a measurement of v{6}/v{4} may not be enough to determine flow, flow fluctuation, and nonflow. This is because we have neglected those nonflow terms that are order(s) of magnitude smaller than the leading flow terms, but they may not be smaller than the high order terms in flow fluctuations. This depends on the details of nonflow, such as the multiplicities of multi-particle clusters, their anisotropies, and etc.
It is worthwhile to note that the reaction plane is not pertinent to the two-and multi-particle correlation measurements of flow. In our Gaussian fluctuation ansatz, the only assumption is that the flow is a Gaussian distribution about some mean v ; with respect to which plane the mean v is is not central to our method. In real data, if flow is not a Gaussian distribution with respect to any particular plane, then obviously our method will not work. For example, it was shown in Ref. [10] that Gaussian distributions of the x and y eccentricities in the reaction plane yield a Bessel-Gaussian distribution of the eccentricity magnitude in the participant plane. If elliptic flow is exactly proportional to the participant plane eccentricity then the harmonic moments of the order of six and higher would give identical information as in the fourth order harmonic moment [10] . However, given an identical initial condition, the system response during collision evolution must also fluctuate. Such response fluctuations could smear the final flow distribution towards Gaussian. If, on the other hand, flow is indeed Gaussian with respect to a particular plane, then the mean flow extracted from our method should be the v with respect to that plane. For elliptic flow, it is likely that this particular plane is the reaction plane, and the fluctuating participant plane gives rise to majority of the flow fluctuation. It is recently shown by Qiu and Heinz [34] that the assumption of BesselGaussian fluctuations works well for collisions of impact parameter b < 10 fm but breaks down in more peripheral collisions, while the hypothesis of Gaussian fluctuations works better than the Bessel-Gaussian assumption for peripheral collisions, but breaks down for central collisions of b < 5 fm.
Experimentally, one may turn the argument around. If one measured v{6} < v{4}, then it could mean that the Bessel-Gaussian fluctuation model is not completely correct. It does not necessarily mean that our Gaussian fluctuation assumption is correct, but it could provide constraints to flow fluctuation models. If, on the other hand, one measured v{6} > v{4}, then neither the Bessel-Gaussian nor the Gaussian fluctuation model would be correct. One would have to devise new fluctuation model to accommodate experimental data.
IV. TOY-MODEL SIMULATIONS
We verify our results by a toy-model Monte Carlo simulation. Below are the ingredients of the simulation.
• For each event, we generate a v 2 value according to the Gaussian distribution of Eq. (11) with v 2 and σ 2 . We do the same for v 3 with v 3 and σ 3 . We allow negative v 2 and of course negative v 3 . We require |v n | < 0.5.
• We set the reaction plane angle to zero. We generate triangularity axis angle (ψ 3 ) randomly between 0 and 2π. We generate N − N cl2 particles with azimuthal angle φ = 0-2π according to the flow modulation of Eq. (1):
• N cl2 of those N − N cl2 particles each has a partner with identical azimuthal angle (so total number of particles is N , and N cl2 ≤ N/2). These correlated pairs yield a nonflow correlation, which is simply given by δ = 2N cl2 /N (N − 1). There are no clusters of more than two particles. The total particle multiplicity N and the number of directly correlated pairs N cl2 are fixed for all events; there are no multiplicity fluctuations or nonflow fluctuations in our simulation.
We note that the analysis of v 2 and v 3 are independent of each other, so one may simulate events with only v 2 or v 3 (with corresponding fluctuations and nonflow). We have simulated several cases, with both finite v 2 and v 3 , only finite v 2 , or only finite v 3 . We obtained the same results. Table I lists the inputs and our results from several simulations. The values of the multiplicity N in Cases (i) and (ii) correspond to real data of roughly 30-40% centrality of 200 GeV Au+Au collisions at RHIC [35] . Those in Cases (iii) and (iv) correspond to real data of roughly the top 5% centrality of 200 GeV Au+Au collisions at RHIC [35] . The v 2 values in Case (i) and (iii) correspond approximately those measured experimentally in the respective centralities [15] . We used a relatively small v 2 fluctuation for Case (i) and large v 2 fluctuation for Case (iii). Note σ 2 2 / v 2 2 ≈ 0.2 implies an approximately 20% difference between v{2} and v{4}. We set the N cl2 value such that the input nonflow and flow fluctuation are on the same order, δ ∼ σ 2 . We use the Q-vector method [31] to calculate the two-, four-, and six-particle azimuthal moments from the simulated events. The calculated moments are listed in Table I. Also listed are the calculated v{2}, v{4}, and v{6} values for comparison.
Using Eqs. (15), (16), and (17), we can solve for flow, flow fluctuation, and nonflow. We can either do it numerically, or use the χ 2 minimization method. In order to obtain the proper errors on the solutions, we use the latter. We treat the statistical errors on the moments as independent. We compute the normalized χ 2 , the quadratic sum of the differences between the left and right sides of Eqs. (15), (16), and (17) . We minimize the χ 2 to obtain the solutions of v , σ, and δ; the minimum χ 2 should in principle be zero as is the case in our solutions. The solutions are tabulated in Table I . As seen from the table, the resolved flow, flow fluctuation, and nonflow compare well to the inputs. We found, when the flow fluctuations are small, σ 2 / v 2 ≪ 1, that the errors on v and σ are strongly correlated with each other, and the error on δ is strongly anti-correlated. On the other hand, when the flow fluctuations are large, the errors on v , σ, and δ are mostly independent.
We simulated 10 7 events for each case. As seen, the errors on σ and δ are the largest for Case (i). This is because of the smaller σ 2 /v 2 in this case. As mentioned earlier, small σ 2 /v 2 makes the four-and six-particle moments not much different. This results in a correlated errors on v 2 and σ 2 that are not well controlled and may become large. This in turn gives a large error on δ.
V. DIFFERENTIAL FLOW
In this section we discuss how to obtain differential flow, e.g. as a function of p T or particle species. For easy discussion we will use p T as an example, but our discussion is general for any type of differential flow.
In order to obtain differential flow, one can form azimuthal moments with one particle within the interested p T region and the other particle(s) over the unrestricted p T region. These azimuthal moments are identical to those in Eqs. (2), (3), and (4), except that the first azimuthal angle φ i is replaced by that of the particle within the interested p T region, φ
Similar to Eqs. (5), (7) and (9), we have
Suppose the anisotropic flow within the interested p T region is v ′ with Gaussian fluctuation σ ′ . We will assume that v ′ is completely correlated with v. That is, v ′ and v in the same event must satisfy:
The probability of an event having v ′ and v is given by Eq. (11) . Analogous to Eqs. (12), (13) , and (14), we have
Similar to Eqs. (15), (16) and (17), we have
Here we have taken the nonflow correlation effect between one particle in the interested p T region and another par- ticle in the unrestricted p T region to be δ ′ . Knowing the v , σ, and δ for particles in the unrestricted p T region, we can readily solve for v ′ , σ ′ and δ ′ from Eqs. (32), (33) , and (34).
VI. CONCLUSIONS
Anisotropic flow measurements have provided valuable information about the early stage of relativistic heavy-ion collisions. The contamination of nonflow, however, has hampered precise extraction of the hydrodynamic properties of the collision system. Nonflow and flow fluctuations have not been successfully separated in experimental measurements. We argue, if the flow fluctuations are Gaussian, that it may be possible to disentangle flow, flow fluctuation, and nonflow by simultaneous measurements of two-, four-, and six-particle azimuthal moments. We demonstrate that this possibility is real when the flow fluctuations are sizeable relative to the average flow magnitude. The disentanglement may be difficult when the relative flow fluctuations are small. We have verified our conclusions by a toy-model simulation.
To conclude, our study suggests that it may be possible to measure elliptic and triangular flows, flow fluctuations, and nonflows uniquely in experiment. If, on the other hand, real data analysis does not yield reliable results, our study offers additional insight-It may mean that either the Gaussian fluctuation assumption is not fully applicable and/or the flow fluctuations are too small.
